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Upper and lower bounds to the transverse resistivity due to ionized impurity scattering in
saturation-stressed degenerately doped n-type germanium (single conduction-band valley oc-
cupied at T=0 °K) have been calculated for Brooks-Herring scattering. The bounds are ob-
tained by solving exactly the Boltzmann equation including the mass anisotropy for two differ-
ent scattering rates which either overestimate or underestimate the Brooks-Herring scatter-
ing rate. The use of Kohler’s variational principle also yields an upper bound to the resistiv-
ity, which is found to be approximately 20% higher than the lower bound previously obtained,
but is smaller than the experimental results of Katz. The calculation is approximately cor-
rected for the inaccuracies of the Born approximation together with contributions from multi-
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ple scattering and dressing effects.
ment.

I. INTRODUCTION AND CONCLUSIONS

When a semiconductor is heavily doped with
donor atoms, the energy levels of the donor elec-
trons are raised relative to the conduction-band
minima because of the electron-electron inter-
action between them.! For sufficiently high donor
densities, there are no bound states for these elec-
trons, and consequently the donor electrons occupy
states in the conduction band of the material at all
temperatures.??® Such materials are called de-
generately doped semiconductors, and the electron
distribution is statistically degenerate for tem-
peratures well below the Fermi or degeneracy
temperature, the latter being of the order of a few
tens to thousands of degrees Kelvin.

The theory of the electrical conductivity of such
materials has been given by Brooks and Herring, *
who treated the conduction electrons as free elec-
trons with isotropic effective masses, which under-
go scattering via a Thomas-Fermi potential which
takes into consideration the fact that the semicon-
ductor is a polarizable medium. The Born approxi-
mation is used to obtain the differential scattering
cross section. The calculation above has often been
used to explain the resistivity of degenerately doped
semiconductors with an anisotropic band structure
by an appropriate choice of the conductivity mass
for the effective mass. However, the choice of the
effective mass which gives agreement with experi-
ment will, in general, be a function of the electron
concentration, and cannot be precisely anticipated
until the experimental results are known. Further-
more, experimental results on unstressed ger -
manium indicate that, for a reasonable choice of
effective mass, the Brooks-Herring result under -
estimates the observed resistivity by a factor of
4.° Similar observations have also been made for
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The final results are in excellent agreement with experi-

degenerately doped silicon. 8

One of the earliest attempts to take the anisotropic
band structure of Ge and Si into account in trans-
port calculations was made by Ham.” He assumed
that only small-angle scattering appreciably con-
tributed to the resistivity, and as a result obtained
the anisotropy in the ratio of the relaxation time
for transverse and longitudinal conductivity. Ito®
has observed that because of the electron screening
of the scattering ion, small-angle scattering is not
as significant as in the case of the unscreened, or
Rutherford, scattering and a more careful analysis
is necessary. He, instead, used the Herring-Vogt®
formalism to calculate a relaxation-time tensor as
a function of the energy by truncating a spherical-
harmonic expansion of the electron distribution
after the 7 =1 term. Since the usual criterion for
the justification of this technique is that the anisot-
ropy in the relaxation times be small, his results
must be considered questionable since he finds just
the opposite results for Ge at low temperatures.
Truncated expansions have also been used by Samoil -
ovich et al. with similar results.

The above-mentioned calculations were all per-
formed for the unstressed, and hence many-valley,
Ge and Si semiconductors. Since these materials
have cubic symmetry, the total conductivity tensor
is a constant times the unit tensor even though the
conductivity tensor for each separate valley is not.
The anisotropy in the relaxation times is deduced
from magnetoconductivity experiments, usually
analyzed by assuming the existence of relaxation
times which are at most a function of the energy
only.! Since this assumption may be questionable
for energy bands as anisotropic as those in Ge,
where there exists a 19:1 massratio, it is prefer-
able to compare the theoretical calculation directly
with the conductivity anisotropy if at all possible.
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Price!? has shown that if stress is appropriatély
applied to a many-valley semiconductor, it is pos-
sible to lower the energy of one of the valleys rela-
tive to the others, and thus, for sufficient stress,
have all the electrons in a single valley. More
recently, these experiments have been performed
and a large amount of data exists on the anisotropy
in the conductivity contributed by a single-ellip-
soidal conduction-band valley. !* Furthermore,K since
the experiments were performed at liquid-helium
temperature, the data presumably are related only
to the screened ionized scattering and not to any
appreciable electron-phonon scattering. Finally,
we note that since the analysis of the transport
properties of a degenerate electron gas is simpler
than that for the nondegenerate case because it is
not necessary to take a thermal average over a
Boltzmann distribution, it is possible to gain some
insight into the transport properties of charge car-
riers in anisotropic bands. This is significant
for an understanding of the conductivity of not only
these semiconductors but also for semimetals.

In Sec. II, we show that it is possible to obtain
rigorous upper and lower bounds for the resis-
tivity predicted by the Boltzmann equation by finding
the exact solution for two different scattering rates
which either are always greater than (or equal to)
the true scattering rate or always less than (or
equal to) the true scattering rate. The technique
is applied to the calculation of the transverse
resistivity of saturation-stressed degenerately
doped germanium, assuming the validity of the
Born approximation for electron scattering using
the Thomas-Fermi potential of the screened ionized
impurities, i.e., Brooks-Herring scattering. In
Sec. III, another upper bound to the resistivity
is obtained from a direct application of Kohler’s
variational principle.!* This result is found to be
only approximately 20% higher than a lower bound
obtained in Sec. II, but is lower than the experi-
mental results.

The calculations are approximately corrected
for the known inaccuracies of the Born approxima-
tion, together with the contributions from multiple-
scattering and dressing effects.'®!® The final re-
sults are found to be in excellent agreement with
experiment, although the quantum corrections to
the resistivity are larger than the Brooks-Herring
result alone.

II. UPPER AND LOWER BOUNDS TO TRANSVERSE
RESISTIVITY

In the Thomas-Fermiapproximation, the screened
Coulomb potential for an electron interacting with a
singly ionized donor is

V@) = - (e¥/kr)e™ (1)

where k is the static dielectric constant of the semi-
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conductor and ¢ is the Thomas-Fermi inverse-
screening length which, for a degenerate electron
gas at T=0 °K, is given by

q%=(4ne?/k) gle ), (2)

where g(€y) is the electron density of states at
the Fermi energy.

In the first Born approximation, the transition
probability that an electron with wave vector k is

. scattered into a state with wave vector K is

Suo’(i{.: E’)

21 [ 4me®\? 1 , (

2 =5 ole-€)6,, , (3

( K > [(k_kr)z“lz]a ( ) ga’ » )
where 7; is the number of ionized donors in the
unit normalization volume and ¢ and ¢’ are the
initial and final spin projections. The current

density, and hence the conductivity, may be deter-

mined from

T=e [ SEADES | (@

where v(K) is the velocity of a Bloch electron with
wave vector k and f(K) is the distribution function
obtained by solving the linearized Boltzmann equa-
tion, i.e.,

B3 (_%) = 2 Sop (&, K[F® -A&)],  (5)
o€ ®,0

where f, is the Fermi-Dirac distribution and Eis
the electric field. It is well known that for Sgiven
by Eq. (3), Eq. (5) may be solved exactly in terms
of an energy-dependent relaxation time, provided
the energy is an isotropic function of k.!* However,
for a single-conduction-band valley of germanium
the dispersion relation for the energy relative to
the band minima is given by'®

€(®) = (2%/2m, 2 + (11%/ 2m, ) (k2 +R2) , (6)

where.m,/m, ~19. Thus, the usual assumption of
an isotropic effective mass is not even approximately
satisfied, and a different analysis is required. The
techniques previously employed by others to solve
this problem are all approximate without any esti-
mate of the error introduced by the use of the various
methods. Consequently, when discrepanciesbetween
experiment and calculations have occurred, it has
not been clear whether the conventional transport
theory has failed or merely that the approximations
in obtaining the solutions are not applicable.® We
show below how to obtain rigorous upper and lower
bounds to the resistivity. When the technique is
applied to the transverse resistivity of degenerately
doped germanium, these bounds differ by only a
few percent over the entire range of doping for which
the semiconductor is degenerate.

It is an immediate consequence of Kohler’s prin-
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ciple'* that if the scattering function is written as
a sum, i.e.,

S(k, k") =S, (k, k) +Si(k, k"),

with
$1(&, k) =51, %), Sik Kk)=5{(kk),
54,8120,
then
pP>p1+pi

where p, (p}) is the resistivity if only S, (S]) were
present, and p is the resistivity if the total Sis
present. Since p;,p;>0, it immediately follows
that p>p;, provided S>S;, which is merely equiva-
lent to the statement that if the scattering is in-
creased then the resistivity is also.

Similarly, if

- - >

S(k, K') = Sy(k, k) - S5(k, k'),
with
S,(K, k") =S,(k’, k) >0,
S3(k, k") =83k, k) >0,
then

SZ:S+Sé’ P2 Zp.

Thus, if we can find two symmetric positive de-
finite functions S; and S, which underestimate and
overestimate S, respectively, and for which the exact
resistivities p; and p, can be obtained, then

P22p>Py1- (7

There are, of course, many functions S; satis-
fying the above conditions. However, it is clear
that if we are to obtain p; and p,, which are nearly
equal, we must choose the S; in such a way that
they closely approximate the given S.

For an electric field in the y direction and a
scattering function S;(k,k’), which allows transi-
tions only into states with the same spin projection,
Eq. (5) may be written

0, @®- [ S @R -0@) Ky, @

where

1
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but
vy(E) :ﬁky/ml )

and hence, if S;(k,k’) is unchanged when K/~ -k,
where ¢ denotes the plane normal to the &, axis,
and ¢(k’) is odd in %/, then the second term on the
right-hand side of Eq (8) is odd in %, , and the
exact solution of Eq. (8) is

o® =eEv (k)//s &, k)(z )3 , (10)

which is odd as required.

Thus, we can obtain the exact solution to the trans-
port equation for the transverse resistivity provided
the scattering function is unchanged when I-Et’ - —Et’ .

It is convenient to transform the ellipsoidal con-
stant-energy surfaces into spheres. Letting

k= (2m,€/m®) % x,
ky=(2m, e /%2y, (11)
k.= (27"1€/ﬁ2)1/2 z,

we have x®+9%2+2%=1, i.e., the constant-energy
surface has been transformed to the surface of a
sphere of radius 1. Since we are considering
only elastic scattering, only one energy shell at a
time need be considered. Defining

S@® K) =n, 57 (4“e > (2”;‘2‘)%1%(?, ¥)o(e—€") ,

K
(12)
we have
R(-. ..,)_ 1
T e SV 6 -9 )2+ (e -2 )P+ B ?
(13)
where
B= qZ/k"’ zkﬁ/zn”ll:e,
Kl=m,/m,~ 0.052
for Ge.

Using the fact that ¥ and ¥’ have unit length, we
obtain, after employing the law of cosines,

(14)

R(r’r’):{(x—x')2+K,',,l[(1 -x5+(Q1

where 6 is the angle between r and r’ projected in the yz plane.

1

=% =201 - AL = 7% cosel+ B

We define

By E{(x —xV2+K(1 -7 +(1 -x"?) +2(1 —xH)T2(1 —x"?) 2 cosh| | + BP <R,
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RZE{(x VKA -8+ -x%) -2 -7 (1-

Then both R, and R, remain unchanged when K
- —1?’, since the latter transformation changes 6
to its supplement and, hence, leaves | cosf | in-
variant. Consequently, the exact solutions for
¢1(K) and ¢,(k) can be obtained from Eq. (10),
where S; and S, are obtained by replacing R in Eq.
(12) by Eq. (15).

Transforming the volume element in k space, we
have

N - om. €' 1/2
dk’= I-V.f'el | =;E2}' (_hj—zu——-) dex'dE' ’

which together with Egs. (10) and (15) leads to ¢,
and ¢, proportional to B; and B;, respectively, where

1 _ /‘+1 ar , do ,
B_l(x)— / / Ry(x,x’, 6) o dx

YA N -
- BB <1 m (az-bz) 2

_p\172
x tan™ (a_J_)) dx',
a+b

1 +: ar , de ,
I —_ 16
5,0 _[ _/(; Ry(x,x’, 6) zﬂdx (16)
) __8_ /4-1 —4— 1
- aﬁ -1 m (az - bz) 2
1/2
x tan (:—f—g) dx',
where
a=(x-x"2+KM2-x%-x"?)+8,
1)

b =2K;,1(1 _x2)1/2 (1 _xIZ)I/Z .

Furthermore, using the fact that v,~y and that the
transverse current is the same if the electric field
is in the z direction, we find that the conductivity
at T =0 °K corresponding to R, (R,) is proportional to
I, (I,) where
1

L= [, (1 -x®B,(x)dx. (18)
Here we have made use of the fact that B; and B,
are even in x, and € is evaluated at the Fermi
energy. Using Eq. (2) and

glep)=3/cp),

we have
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) lcos6l |+ BF = (15)
[
2 173
R S—
s W<m,> . (19)

a, =1k /m.e® .

Finally, using Eqgs.(4), (10), (12), (15), and(18), the

transverse resistivity is given by
.

pi=16m?e?/9mm k?inl; . . (20)

Figure 1 shows the calculated upper and lower
bounds for the transverse resistivity as a function
of donor concentration. The boxes correspond to
the experimental results of Katz!? at 4 °K. We see
that the upper bound is approximately twice the
lower bound at n=10'®/cm?® with the ratio increasing
to approximately 3.7 at n=5x%10'"/cm®. But in all

Resistivity inohm cm.

o 1 - 1 1 Ll 1 1 L 1 1 1
1 2 3 4 567 10" 2 3 45
nincm™
FIG. 1. Transverse resistivity of degenerately doped

Ge vs n, the impurity concentration. The experimental
results are those of Katz given in Ref. 13. The curves
labeled 1 and 2 correspond to the theoretical upper and
lower bounds p; and p, to the resistivity due to Brooks-
Herring scattering discussed in Sec. II. The curve
labeled 3 is the theoretical upper bound p;. to the resis-
tivity due to Brooks-Herring scattering discussed

in Sec. III. The curve labeled 3’ is obtained by multi-
plying the results given by curve 3 by the Moore-Ehren-
reich correction factor discussed in Sec. IV. In the
above calculations we have taken m, =0.082m,, m,
=1.59m,, and k=16,
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cases, the experimental points fall between the
upper and lower bounds with the average value of
these two estimates giving a good approximation
to the experimental results, especially as n in-
creases. However, this apparent consistency is
actually meaningless, i.e., we show in Sec. III
that a rigorous upper bound for p obtained by the
variational principle is given by the curve numbered
3, and hence the resistivity corresponding to the
scattering rate given by Eq. (3) is actually bounded
by the curves 2 and 3.

III. APPLICATION OF KOHLER’S PRINCIPLE

In Sec. II, we obtained rigorous upper and lower
bounds to the resistivity corresponding to the scat-
tering rate given by Eq. (3). In the limit of in-
finite-mass anisotropy, i.e., K,—~ <, the coefficient
of | cosf | in Eq. (14) would be zero, and hence
both R; and R, would be equal to R and we would
have the exact solution. However, because K, 19,
the term proportional to | cosé | is appreciable
compared to 5 in the degenerate doping range and
the derived upper and lower bounds are signifi-
cantly different. Consequently, it is desirable to
obtain yet another estimate of the resistivity.

According to Ziman, ** if the Boltzmann equation
is written

B - () <;?af_2.>: /[¢(K) - ¢>(E')J<- 'a;,f%>

J

[A-x%)+(1-x"?) —2(1 - x®)2(1 = x'%) 2 cos8]dx’ dx d6
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|eo

«S@E,®) (”2“;)3 , (21)

then the exact resistivity is given by

p=(¢,Po)/[(¢, X(E=1))]?, (22)
where X and P¢ are the left- and right-hand sides
of Eq. (21), respectively, and

G0 [ re® g

Furthermore, if any function ¢’ is substituted into
Eq. (22), theresulting expression is either greater
than or equal to the exact result. Thus

p3=(¢'s Po')/[(¢’, X(E=1))]? (23)
is an upper bound to the resistivity for arbitrary
choice of ¢’. _Now in the relaxation-time approxi-
mation, ¢’'=eE-v7=cv, for E in the y direction.
Taking this as an approximate solution we have from
Eq. (23)

(vy, Py

P3= G, XE=1)F =" (24)

For a scattering rate given by Eq. (3) we find
ps is given by Eq. (20) with

(25)

49 /‘*1 /+1 T
1_ 9 .
3= 167 A 1 -2 HEE [ -x®) + (1 -x%) —2(1 —=x&)Y3(1 - x"3)2 cos6] + B

The results for p; are plotted in Fig. 1, where
it is seen that p; closely approximates the lower
bound given by p,. More significantly, however,
p; lies below the experimental results for all densi-
ties, indicating that the scattering rate given by
Eq. (3) cannot entirely account for the resistivity.
It is also interesting to note that a calculation of
the resistivity for Brooks-Herring scattering using
a relaxation-time approximation gives results which
are only a few percent smaller than the lower bound
reported here.!® However, when the same technique
is applied to the longitudinal case, the results are
significantly larger than found experimentally, 13
and are an order of magnitude larger than a rigorous
upper bound obtained by employing the variational
principle. "

IV. CORRECTIONS TO BROOKS-HERRING SCATTERING

The techniques employed in Secs. II and III have
enabled us to calculate upper and lower bounds to
the resistivity which differ by only approximately

r

20% with no adjustable parameters. Furthermore,
it is possible to conclude that p; overestimates the
results of an exact calculation with the assumed
scattering rate by only a couple percent, by com-
paring the results of using the variational principle
with an exact calculation in the case of infinite
mass anisotropy. '’

The fact that the experimental results are larger
than the calculated resistivity is not unusual for
Brooks-Herring scattering even for spherical
energy bands and has been discussed by Moore and
Ehrenreich!® ¢ for degenerately doped GaAs. More
specifically, they show that for an isotropic ef-
fective mass

p/pg=1+065+08,+0y,

where pgis the resistivity derived from using the
first-order Born approximation (Brooks-Herring
scattering) and 6, 0, and d, are correction terms
arising from the failure of the Born approximation,
the effects of multiple-scattering and dressing
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FIG. 2. Resistivity p as calculated by Moore and Ehren-
reich divided by pp, the resistivity given by the Brooks-
Herring result vs magk. Here, a,is the radius of the first
Bohr orbit in the material for an isotropic effective mass
and k is the Fermi wave number.

corrections, respectively. For completely degen-
erate statistics, these corrections are given by

421’}’13/263

GB=WW Qx(),

Oy = CMQM(}’),

_ Cu ¥ \*_
6N—< T4 (1+y)> 1

where

zzwllswl/aeni

= 172(q, \1/6
cM ik /2(3ne)7 6 ’

5 3?(3n,)! 3
- me?

Here, z is the number of electrons lost by the im-
purity, m is the electron effective mass, #, is the
number of electrons/cm?®, #; is the number of im-
purities/cm®, and @, and @, are functions which
are given graphically.

For the case of singly ionized impurity scattering
(2 =1) in uncompensated material (n;=n,=#x) these
expressions can be written

b5=(41/y*®Q5() ,

6= (1/39""3)Qu(v),

CM: 77/33)1/2 )
Yy =Tagk ,

where a,=72k/me? is the radius of the first Bohr
orbit in the material, and & = (37%2)'/® is the Fermi
wave number. Hence, in the completely degenerate
limit the correction factor for singly ionized im-
purity scattering in uncompensated material is the
same function of a¢k for all semiconductors. Using
the values of @z(y) and @,(y) given graphically by
Moore'® and Ehrenreich, we have calculated the
correction factors. A graph of the results is given
in Fig. 2.

The generalization of these results to the anisot-
ropic mass case would involve a detailed and in-
volved calculation which we have not performed.

It is possible, however, to approximately apply
their correction factor by choosing an appropriate
value of a¢k. Since the Brooks-Herring matrix
element depends mainly on momentum changes

in the longitudinal direction, we have used the
value of ayk in the longitudinal direction (here,
7%k% /2m, = €5) to obtain the correction factor
from Fig. 2. In this case, for 10'%/cm®<n<1.6
x10'%/cm®, we find 1.4 <7a,k, <3.5. The curve
labeled p; in Fig. 1 is the result of multiplying

ps by the correction factor obtained in this way
and is in excellent agreement with the experimental
results.

In concluding, we note that according to Moore
and Ehrenreich their calculation is valid provided
y=magk>1 and 85, 0y, and Oy are all small com-
pared to 1. We find, using their calculations, that
for y =2, 65=1.3, whichis muchlarger than the
correction to the Born approximation found by
performing a phase-shift calculation on the Thomas-
Fermi potential.!® Furthermore, when the poten-
tial is corrected so that the phase shifts satisfy the
Friedel sum rule, 19 the correction factor is further
reduced.'® Nevertheless, they find excellent agree-
ment between theory and experiment down to the
lowest impurity concentration studied for GaAs,
i.e., n=10'"%/cm®, which correspondsto y=~2, even
though p/pg~ 3 in this case. These results suggest
that if their calculation for all three correction
terms were correctly extended to the y~ 1 domain,
the results would be similar to those given by Fig.
2, i.e., their results for p/ps apparently have a
greater range of validity than their derivation would
suggest, and thus justify their application in the
present calculation.
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Lattice Dynamics of Grey Tin and Indium AntimonideT
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We have measured the phonon-dispersion relations in symmetry directions for a-Sn at 90 °K
and InSb at 300°K. A limited number of measurements were made at 240°K in o-Sn to look
for effects associated with the phase transition, but none were found. The two dispersion re-
lations are qualitatively similar, the main differences arising from the lower symmetry and
a slight general drop in frequency in going from a-Sn to InSb. Systematic trends in the com-

parison with other group-IV and III-V semiconductors can be seen.

We have found second-

neighbor shell models which give a reasonable description of the dispersion relations but in

which the parameters are poorly defined and apparently devoid of physical meaning.

The

microscopic implications of this fact are discussed.

I. INTRODUCTION

The horizontal sequence of covalent compounds
centeredontin, together with tin itself in the semicon-
ducting phase, provides a unique system for testing
theories of covalently bonded crystals. InSb and
CdTe form stable compounds in the zinc-blende
structure with a lattice parameter nearly identical
to that of @-Sn; 7-Agl also has a similar lattice
parameter but is a metastable phase.! Grey tin it-
self has a zero direct band gap,? which has led to
speculations® about a singularity in the dielectric
function as G~ 0 and a possible excitonic transition
at low temperatures in highly pure material (Sher-
rington and Kohn, Ref. 4). Going outwards in the
horizontal sequence, the band gap increases and
the compounds become more ionic (Herman, Car-
dona, and Greenaway, Ref. 4). Phillips® has de-
veloped a microscopic theory of covalent bonding

which leads to an ionicity scale® in which the ionic
characters f; of InSb, CdTe, and AgIare 0. 32,
0.67, and 0.77, respectively; since f;=0.785 is
taken to represent the boundary between octahedral
and tetrahedral bonding, the observed polymorphism
in AgI is consistent with this scale. A study of the
lattice dynamics of the members of this sequence
should reveal the effects of this increasing ionicity
since the lattice structures and masses do not vary
much., We present here measurements of phonon-
dispersion curves in the first two members, a-Sn’
and InSh.

Grey tin is also interesting because it undergoes
at normal pressures the transition to a metallic
state which InSb, CdTe, Ge, and Si exhibit only
under pressure.® This aspect will not be discussed
here, partly because it does not appear to be con-
nected with the zero band gap® and also because no
evidence for it was found in the temperature depen-



